Phyllotaxis is the study of arrangements of leafs and orets. The topology of triangular spiral (multiple) tilings with opposed parastichy pairs is intimately related to the phyllotaxis theory and continued fractions. It is shown that, if the divergence angle of the genetic spiral is given as a quadratic irrational and xed, then the limit set of the shape parameters of triangular tiles, as the parastichy numbers tend to innity, is a nite set. In particular, the limit is the golden section if the divergence angle is`ultimately golden'.
Introduction
Phyllotaxis [1] is an interdisciplinary subject related to physics, biology, and mathematics [2, 3] , where the golden section τ = (1 + √ 5)/2, the Fibonacci numbers, and continued fraction expansions play important roles [4, 5] . In [6] , a quasi-crystalline structure is observed in a circular defect line in the parastichy transition of spiral phyllotaxis. Recently, there are intensive studies on the dynamical models that generate spiral phyllotaxic patterns [710] , as well as geometric approaches on the spiral phyllotaxis [1113] . One of the most simplied mathematical models of spiral phyllotaxis is the triangular spiral tiling that admits transitive action of a similarity transformation group, with no rotational symmetry, Fig. 1 . In the previous paper [14] , we have shown that the parameter space P v of the generators z = r e i θ of triangular spiral (multiple) tilings of multiplicity |v| = 0 with opposed parastichy pairs is a nowhere dense subset of the unit disk * corresponding author; e-mail: yg@rins.ryukoku.ac.jp Fig. 2 . The set P1 ∪ P−1 of generators for triangular spiral tilings with opposed parastichy pairs. The arcs Pm,n,1 and Pm,n,−1, dened in [14] , are denoted by
D, which is a countable family of real algebraic curves parametrized by the divergence angle θ, see Fig. 2 , whereas the parameter space Q v for triangular spiral (multiple) tilings with non-opposed parastichy pairs is a dense subset of D, being a countable union of real algebraic curves parametrized by the plastochrone ratio 1/r. In P v , the opposed parastichy pair is described by the continued fraction expansion of θ/2π. The union ∪ v P v is a dense subset of D.
In this paper we describe the relationship between the continued fraction of the divergence angle and the triangular spiral (multiple) tilings with an opposed parastichy pairs, and study the limit set Ω (θ) of the`shape parameters' of tiles, as r → 1, of triangular spiral multiple tilings with opposed parastichy pairs. It is shown that if θ/2π is a quadratic irrational, then Ω (θ) is a nite set of quadratic irrationals. It is known that most divergence angles θ of the spirals observed in plant phyllotaxis are written in the form θ = 2π(aτ + b)/(cτ + d), for some a, b, c, d ∈ Z with ad − bc = 1 [5] . If it is the case, then we have Ω (θ) = {−τ, −1/τ }. In the International Conference of Quasicrystals, Krakow, September 2013, we presented paper-folding sheets that build spiral towers whose top-down views are triangular tilings, Fig. 3 . See [14, 15] for some backgrounds in gurative arts as applications of phyllotaxis and quasicrystals.
Triangular spiral tilings and continued fractions
For x ∈ R, let
be its continued fraction expansion [16, 17] , where
In this paper we denote by p j,k = kp j + p j−1 , and
A pair of rational numbers 
. Denote a line segment with the endpoints ζ 1 , ζ 2 ∈ C by (ζ 1 , ζ 2 ), and a triangle with the vertices ζ 1 , ζ 2 , ζ 3 ∈ C by (ζ 1 , ζ 2 , ζ 3 ). ∈ ∆ + , then there exists a unique 0 < r < 1 such that for z = r e i θ ,
is a triangular spiral multiple tiling of ∈ ∆ + . Proposition 1 is applied to obtain the tiling (1). The multiplicity is obtained from [14, Proposition 3].
Shape limit in triangular spiral tilings
Let v > 0, θ ∈ (−vπ, vπ]. In this section we suppose that θ/2vπ is a xed irrational number. In the continued fraction expansion of x = θ/2vπ, we consider the sequences q j and q j,k , j > 0, 0 ≤ k ≤ a j+1 , as dened in Sect. 2. For each j > 0 and 0 ≤ k ≤ a j+1 , denote by a j,k /m j,k < b j,k /n j,k a pair of convergents of x = θ/2vπ such that {m j,k , n j,k } = {q j , q j,k }. Suppose that j is sufciently large that 2π
∈ ∆ + . Let 0 < r = r j,k < 1 be the root of the Eq. (2), and z j,k = r j,k e i θ . Then we obtain a (multiple) tiling (1) with an opposed parastichy pair {m, n} = {m j,k , n j,k }.
where the constant C > 0 is independent of j. Hence
as j → ∞.
, and suppose that θ/2vπ is an irrational number. Then, the an-
Proof. By [14, Lemma 4] , the four points z
Lemma 6. Suppose that the coecients {a j } j≥0 in the continued fraction expansion θ/2vπ = [a 0 ; a 1 , a 2 , . . . ] are bounded. Then we have
where C > 0 is a constant independent of j, k.
Proof. We shall adopt a notation ϕ = O(m −s ) when there exists a constant C independent of j, k such that |ϕ| ≤ C/m s j,k . Since the coecients a j are bounded, the ratios n j,k /m j,k are also bounded, so we may write
by (3), and
where we denote by m = m j,k , n = n j,k for the sake of simplicity. Since 0 < r = r j,k < 1 is a root of (2), we have lim j→∞ r m j,k j,k = lim j→∞ r n j,k j,k = 1, and r
Let t j,k := 1 − r j,k . Then we have t j,k = O(m −3 ) by (4), which completes the proof.
Suppose that θ/2vπ is a quadratic irrational. Then it has a periodic continued fraction expansion
We may assume that j 0 , d are even, by choosing larger ones if necessary. For each 1 ≤ h ≤ d, let
be a purely periodic continued fraction. Let R(θ, v) be the set of ratios (z
be the limit set, i.e., the set of the accumulation points, of R(θ, v). Theorem 7. Suppose that θ/2vπ is a quadratic irrational. Then we have
In particular, it is a nite set of quadratic irrationals.
Proof. Since θ/2vπ is a quadratic irrational, there exists a
We have z
where we denote by m = m j,k , n = n j,k . Thus it is written as
By using the continued fractions, we have
for j suciently large, and 0 ≤ k ≤ a j+1 . Thus we obtain Eq. (5).
It is known that most spirals in plant phyllotaxis have divergence angles θ belonging to a class that might be called`ultimately golden', or written as θ/2π = [a 0 ; a 1 , a 2 , . . . ] where a j = 1 for suciently large j [5] . This is equivalent to the existence of a, b, c, d ∈ Z, such that θ/2π = (aτ + b)/(cτ + d) and ad − bc = 1. 
